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AHHOTALIUA

ITycte A — accolMaTUBHOE KOJbIIO, T™ = TMO) (A) — aBycTropoHHHI uaeand B A,
MOPOKJACHHBIH BCEMHM KOMMYyTaTopaMud Buaa [adi, ..., @y, e a € A. Ilycts
Uk = [a1, ..., &], Ve = [b, ..., b¢], Tme a;, bj € A. Ilycte X € A. B 2015 rony A.B.
I'punima u C.B. TuenuHues gokaszanu, yto [Ux, X] [Ve, X] € T&UD ecnm A -
anredpa HaJI KOJBIIOM, cojepkamuM Y. llens maHHOW paboOThI — MOKa3aTEIbCTBO

ATOTO YTBEPKACHUS JIJIs TI000T0 aCCOIMATUBHOIO KOJIbIIa A.

KawueBble cioBa: aCCOLIMAaTUBHOC KOJIbIIO, KOMMYTAaTOp MJIMHBI N, IMPOU3BECIACHUC

KOMMYTaTOpOB, HIeall.

ON A CERTAIN PRODUCT OF COMMUTATORS
IN AN ASSOCIATIVE RING

JueBuuk Hayku | www.dnevniknauki.ru | CMU 3J1 Ne ©C 77-68405 ISSN 2541-8327




2023
Ne3

BJIEKTPOHHBINA HAYYHBII JKYPHAJI «/ITHEBHUK HAYKW»

Deryabina G.S.
PhD, Associate Professor,
Bauman Moscow State Technical University,

Moscow, Russia

Pinchuk I.A.
PhD, Associate Professor,
State University of Education,

Mytishchi, Russia

Abstract
Let A be an associative ring, let T™ = T (A) be the two-sided ideal in A generated

by all commutators of the form [a;, ..., a,] where a; € A. Let ux = [a, ..., a,
Ve = [by, ..., be] where a;, b; € A. Let x € A. In 2015 A.V. Grishin and S.V.
Pchelintsev proved that [uk, X] [ve, X] € T®D if A is an algebra over a ring that
contains 2. The aim of the present work is to prove this assertion for any associative

ring A.

Keywords: associative ring, commutator of length n, product of commutators, ideal.

[Tycts A — acconmaTuBHOE KOJIBIIO C €AUHUIICH WK O0e3 enquHUIbl. HamoMHanM,
4TO JICBOHOPMHUPOBAHHBIE KOMMYTATOpHl [a1, 82, ..., an] (& € A) ompenensrorcs

PEKYpPCUBHO paBEHCTBaMU

[a1, a;] = a1a; - azay, [ai, ..., an1, @] =[[a1, ..., &n1], an] (aie A).
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ycts T® = T (A) — npycTopoHHMii uean B A, NOPOXIEHHBIH BceMH

KOMMYyTaTopaMu Buja [ai, az, ..., an] (ai € A). OTmMerum, 4To
TOSTO S | oTODSTOM 5

JInst m000ro acconuaTUBHOTO Koibia A, Mo0bIx M, N > 1 u mo0kIX &, bj € A

BBITTIOJTHEHO
[a1, @, ..., am] [b1, by, ..., by] € T2,

910 ObwIO gokazano B.H. Jlateimessim [2, Jlemma 1]. Kpome Toro, ecinm XoTsi Obl
OHO M3 YHces M, N HEYeTHOE, TO JUIS JIF0OO0T0 aCCOIMATUBHOTO KObIia A, TH00bIX M,

n > 1 u 1100BIX &;, bj € A BBITIOMHSETCS
3 [a1, az, ..., am] [by, bz, ..., by] € T™D),

Oto nmokaszamu [.C. epsouna u A.H. Kpacuwisaukos [3, Theorem 1.1]. B to xe

BpPEMS B 5TOM CJIydae, BOOOLIE roBOps,
[al, az, saey am] [bl’ bz’ . bn] e T(m+n-1)

(em. [3]).

[Tycts Uk = [a1, 82, ..., &J, Ve = [b1, by, ..., b] (&, bj € A). Ilyets X € A. U3

MpUBEACHHOrO BhllIe pe3ynbrara B.H. JlaTeimesa cienyer, 4ro
[Uk, X] [Ve, X] e T,

B 2015 rony B [1, Jlemma 1] A.B. I'putina u C.B. [Tyenunies qokaszanu, 4ro ecinu A

— anreOpa HaJ nojeM xapakTepucTuku 0, To BEpHO 0oJiee CUIIBHOE YTBEPKICHHUE

[uk, X] [Ve, X] e Th+0D),
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DTO YTBEPKIECHHUE WUIPAET BaXXKHYIO POJIb B JIOKA3aTEIbCTBE OCHOBHBIX PE3YJbTATOB

pabotsI [1].

HerpynHo 3ameTuth, 4TO B J0Ka3aTeiabcTBe W3 [1] HESIBHO HCHONB3yeTCs
omepamusi  YMHOXEHHUS  d3JIeMeHTOB  u3 A Ha ‘2, TO3TOMY €ro Hemnb3s
pacIpoCTpaHUTh Ha JIFOOBIE acCOIMaTHBHBIC KOJbIAa. B TO ke Bpems 3TO
JIOKa3aTeNbCTBO OCTAaeTCS BEPHBIM, Korjga A — anredpa Haj KOJIbIIOM, COASp KAIIHM

Y.

Lenp Hamieit paboThl — paCIpOCTPAaHUTh YKa3aHHBIN BBIIIE PE3YNILTAT PAOOTHI
[1] Ha mpou3BoNbHBIC acCOMATHBHBIC KOJIbIIA. HammM OCHOBHBIM pE3yJIbTaTOM

ABJIACTCA

Teopema. [lycTts A — pOU3BOJIILHOE ACCOIMATUBHOE KOJBIIO C SAUHUIICH WU
0e3 emuHubl. [lycth Uk = [a1, 8y, ..., &], Ve = [b1, b2, ..., b¢], Tne &, bj € A. Ilycts

X € A. Torna
[Uk, X] [V, X] e T

Hokazamenvcmeo. CHavaaa Mbl YCTAHOBHM, YTO
(1) 2[uk, X] [Ve, X] e Tket+D),
DTUM MBI JaJIUM JPYToe JToKazareabcTBo Jlemmsl 1 u3 [1].

Tak xak [ab, c] = a[b, c] + [a, c]b nns mo0kIX @, b, C € A, TO

[X2, Uk, V] = X[X, Uk, Ve] + [X, U] [X, Vel + [X, Ve] [X, U] + [X, Uk, Ve]X.

Slcno, uto [X2, Uk, Ve], X [X, Uk Vo], [X, Uk, Ve]X € T&UD nosromy

[X, uid [, ve] + [X, Vel [ %, U] = [X2, Uk, V] - X [X, Uk, Ve] - [X, U, Ve]x e ToHD,
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C npyroit CTOpOHBI,
[X, u] [X Vel + [, vl [X, ud = 2[x, ud [x, ve] - [[X, uk], X, vedl,
a Tak Kak [[X, U], [X, v(]] € Tk #2 = T+ 1o
2[%, k] [X, Vel = [X, ud [X, Vel +[X, V] [ X, u + [[X, uk], [X, ve]] € T®OD,
TO €CTh crpaBeayiuBo (1).
Teneps MBI yCTaHOBUM, UTO
3" [uk, X] [ve, X] € T&D
JI71s1 HEKOTOPOTO LIEIOr0 MOJOKUTENLHOrO YkcIIa M.

JlelicTBuTENbHO, eciau K — 4y€THoe 4ucio, To [Uk, X] SABIsSETCS KOMMYTAaTOpOM

HEYETHOM JUTMHBI, ITOATOMY, Kak J0Ka3aHo B [3],
3 [uk, X] [Ve, X] e T+t

Amnanoruuno, eciu { - uétnoe umcino, To 3 [Uk, X] [V, X] € T&D, Takum obpasom,
OCTaJIOCh JIOKA3aTh yTBEpXKJIeHWe B ciaydae, korma K =2 kK'+ 1w £ =20 +1 -

HeuéTHbIe yncia. Ham notpedyercs cienyromas
Jemma. ITycts h € T, a, b € A. Torna
3[h, a b] e T2,
Hoxazamenvcmeso. SIcuo, uto T™ ecT muHENHHAs 000I09Ka 3I€MEHTOB BUa Uyd, rie

U, = [8.1, do, ..., an] (ai € A)
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u d € A. CienoBarenbHo, 10CTATOYHO MPOBEPUTSH, uTo 3 [Und, @, b] € T2, rxe a, b,

d € A, a u, ompezienieHO BHITIIE.

Tak xax [rs, t] =r[s, t] + [r, t]s ans moObIX I, S, t € A, TO
(2) [und, &, b] = u,[d, &, b] + [un, a][d, b] + [un, b][d, a] + [un, &, b]d.
Kak ngoka3zano B [3],
(3) 3 uy[d, a, b] € T2,
SICHO Tak>xe, 4To
(4) [un, a, b]d e T2,
C apyroii CTOpOHBI, BBITIOJIHEHO

[ab, u,, d] = a[b, uy, d] + [a, un][b, d] + [a, d][b, un] + [a, un, d]b.
Tak kxax [ab, U, d], a[b, un, d], [a, un, d]b € T2, 1o
[a, un][b, d] + [a, d][b, un] = - [ab, u,, d] + a[b, un, d] + [a, u,, d]b € T(™2),

3Ha4UUT,

[2, rd[b, ] + [a, d][b, us] = [un, al[d, b] + [un, b][d, a] - [[un, b], [d, a]] € TO*2,
a Tak Kak [[Un, b], [d, a]] € T™® < T2, mp1 nomyyaem, uto
(5) [un, a][d, b] + [un, b][d, a] € T2,

13 (2), (3), (4) u (5) memennenno cuenyer, uro 3 [u,d, a, b] € T2, Jlemma

JOKa3aHa.
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HarmoMHUM, 4TO HaM OCTalOCh J0Ka3aTh, uTo 3™ [Uk, X] [Ve, X] € T®™D nng

Hekotoporo M, rac K=2K'+1u € =2 '+ 1 — HeuéTHble umcaa. 3aMETHM, YTO
[ux, X, V] = uX, X, ve] + [uk, X][X, Ve] + [Uk, Ve][X, X] + [uk, X, Ve]X.

Tak kak [X, X, V¢] =0 u [X, X] =0, T0

(6) [ukx, X, ve] = [uk, X][X, V] + [uk, X, Ve]X.
ScHo, uTO
(7) [Uk, X, V(]x € Tk,

C npyroit cTOpoHBI, KOMMYyTaTOp [UkX, X, V¢] MOXeT OBITh 3allMCaH KaK JIMHCHHAs

KOMOHMHAIMsSI KOMMYTaTopoB Buaa [UkX, X, Dra), ..., Dy, tme v = [by, by, ..., be], a

f € S, — moxacranoBku Ha MHOXKecTBE 1, 2, ..., L. Tak kak £ = 2 {' +1, TO 110 JIEMME
3D [uX, X, bray, ..., byp] € TE20+2) = Thet+D)

TO €CTh

(8) 3M[ukX, X, v¢] e T

rae m = {'+1. Teneps u3 (6), (7) u (8) cienyer, uro
3™ [uk, X] [Ve, X] =- 3™ [uk, X] [x, v¢] e T&ED,
Takum 00pa3oM, Mbl YCTAaHOBHUIIH, YTO
9) 3™ [k, X] [Ve, X] e T&HED,
Otmerum, yto 3" +1 = 2q — uétHOE yHCIO, MO3TOMY B cuiy (1)

(3"+ 1) [t X] Ve, X1 = q 2Lk, ] [vi, X)) & T
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Otcroza, yuutsiBas (9), moayuaem
[Uk, X] [Ve, X] = (3™+ 1) [uk, X] [Ve, X] - 3™ [k, X] [Ve, X] € T&ED)
4TO U TPeOOBAIOCH JI0Ka3aTh. Teopema JoKa3aHa.
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